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optimum quantum control — steer quantum system in some desired way

e.g. CNOT gate:

|φ1〉 = |00〉 → CNOT |00〉 = |00〉 = |φtgt
1 〉

|φ2〉 = |01〉 → CNOT |01〉 = |01〉 = |φtgt
2 〉

|φ3〉 = |10〉 → CNOT |10〉 = |11〉 = |φtgt
3 〉

|φ4〉 = |11〉 → CNOT |11〉 = |10〉 = |φtgt
4 〉

with Hamiltonian

Ĥ = Ĥ0 + ε1(t)Ĥ1 + ε2(t)Ĥ2
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Gradient descent: [Khaneja et al., JMR 172, 296 (2005)]

gradient ∂J
∂εln

with εln = εl(tn)

⇒ feed into solver (LBFGS)
[de Fouquières et al., JMR 212, 412 (2011)]
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gradient ∂J
∂εln

for J = 1−
∣∣∣1

4

∑4
k=1

〈
φtgt
k

∣∣φk(T )
〉︸ ︷︷ ︸

=τk

∣∣∣2
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gradient ∂J
∂εln

for J = 1−
∣∣∣1

4

∑4
k=1

〈
φtgt
k

∣∣φk(T )
〉︸ ︷︷ ︸

=τk

∣∣∣2

∂τk
∂εln

=
∂

∂εln

〈
φtgt
k

∣∣φk(T )
〉

=
∂

∂εln

〈
φtgt
k

∣∣ÛNT
. . . Ûn . . . Û1

∣∣φk〉
=
〈
φtgt
k

∣∣ÛNT
. . . Ûn+1︸ ︷︷ ︸

〈χk (tn+1)|

∂Ûn

∂εln
Ûn−1 . . . Û1

∣∣φk〉︸ ︷︷ ︸
|φk (tn)〉
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G̃ =


Ĥ(t) 0 . . . 0 Ĥ1

0 Ĥ(t) . . . 0 Ĥ2
...

. . .
...

0 0 . . . Ĥ(t) ĤL

0 0 . . . 0 Ĥ(t)



e−i G̃dt


0
...
0
|φ〉


︸ ︷︷ ︸
|φ̃〉

=


∂Ûn
∂ε1,n
|φ〉

...
∂Ûn
∂εL,n
|φ〉

Ûn |φ〉


[Van Loan. IEEE Trans. Automat. Contr. 23, 395 (1978)]

[Floether et al. NJP. 14, 073023 (2012)]
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2○ forward-propagation of extended state + gradient

1○ backward-propagation and storage

φ̃k(0) φ̃k(t1)

ε1

φ̃k(t). . .

ε2

φ̃k(tNT−1)

εNT−1

φ̃k(T )

εNT

χk(0) χk(t1)

ε1

χk(t). . .

ε2

χk(tNT−1)

εNT−1

χk(T )

εNT

. . .

evaluates ∂τk
∂εln

= ∂
∂εln

〈
φtgt
k

∣∣φk(T )
〉
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Most GRAPE implementations have e.g. J = 1−
∣∣∣1

4

∑4
k=1

〈
φtgt
k

∣∣φk(T )
〉∣∣∣2 hard-coded
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4

∑4
k=1

〈
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k

∣∣φk(T )
〉∣∣∣2 hard-coded

What about other functionals?

What if we cannot calculate the derivative on paper?
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[Watts et al., PRA 91, 062306 (2015)]

[Goerz et al., PRA 91, 062307 (2015)]

1○ Perfect Entanglers Functional

Find a two-qubit gate with maximum entangling power

FPE =

(
1

detUB

)(
1

4
(tr2[UT

B UB ]− tr[UT
B UBU

T
B UB ])

)(
1

16
Re2[tr[UT

B UB ]]

)
+

+

(
2

detUB

)(
1

4
(tr2[UT

B UB ]− tr[UT
B UBU

T
B UB ])

)(
1

16
Im2[tr[UT

B UB ]]

)
(

1

16
Re[tr2[UT

B UB ]]

)

UB : projection into logical subspace, in Bell basis
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Most GRAPE implementations have e.g. J = 1−
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〈
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〉∣∣∣2 hard-coded

What about other functionals?
What if we cannot calculate the derivative on paper?

[Carrasco et al., arXiv 2201.01744 (2022)]

Session N39 (Wed 11:30)

2○ Quantum Fisher Information

Find a state that maximizes metrological gain

F (ρ̂θ) =
∑
i 6=j

1(pi − pj)
2

pi + pj

∣∣∣〈φi ∣∣∣ Ĵθ

∣∣∣φj〉∣∣∣2
where pi , |φi 〉 eigenvalues/eigenvectors of ρ̂
[Ma et al., Phys. Rep. 509, 89 (2011)]
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To a computer, everything is analytic!
GRADIENT-BASED OPTIMAL CONTROL OF OPEN … PHYSICAL REVIEW A 99, 052327 (2019)

FIG. 12. Computational graph for the example cost function
C(x1, x2) = 2x2

1 + exp(x1x2), created for automatic differentiation to
calculate ∂C

∂x1
and ∂C

∂x2
. Every ellipse represents one basic operation

whose gradients are known and symbolically given by the expres-
sions in rounded rectangles, attached by arrows. The inputs to each
operation are represented by lines entering the ellipse from above or
from the left or right. The output of each operation is given a name
zi written on the output line emerging from the bottom. After the
computational graph run in forward direction (from x1, x2 toward C),
reverse-mode automatic differentiation identifies paths between C
and each of x1 and x2. In this example, there is one path (orange color)
relating C to x2 while there are three paths (red paths) between C and
x1. Gradients are automatically calculated in a backward fashion by
recursively multiplying the gradients in each path from bottom to top,
then summing over all paths contributing to the same variable.

which are indeed the correct gradients. In this way, automatic
differentiation allows for calculating gradients for any com-
putational graph that is defined in terms of the building blocks
of the differentiator.

To utilize automatic differentiation in the optimization of
quantum simulations, the set of basic operations must include
matrix operations since the quantum dynamics is propagated
through matrix operations. The definition of gradients then
needs to account for the noncommutativity of matrix multi-
plication. To be able to generate gradients in the backward
paths, the differentiator must be able to express the gradients
with respect to the outputs in terms of the gradients with
respect to the inputs of the operation in hand. Thus, for every
basic matrix operation f (Mi ), we need to specify how the
gradients with respect to the inputs of the operation, ∂C

∂Mi
, can

be calculated given gradients with respect to the output ∂C
∂ f .

Table III shows some of the basic matrix operations and their
gradient relations needed for automatic differentiation.

Because of the asymmetry in the MATMUL-gradient rule,
it is not simple to express the gradient relations for most
special functions like it was in the scalar case. Most of the
functions not defined in Table III (including the matrix expo-

TABLE III. Examples of basic matrix operations needed for au-
tomatic differentiation. Arguments of MATMUL must be compatible
under matrix multiplication; arguments of ADD must have the same
dimensions, and DET is only defined for square matrices.

Name Definition Gradients

MATMUL f (M1 , M2 ) = ∂C
∂M1

= M2
∂C
∂ f

M1 M2 and ∂C
∂M2

= ∂C
∂ f M1

ADD f (M1 , M2 ) = ∂C
∂M1

= ∂C
∂ f

M1 + M2 and ∂C
∂M2

= ∂C
∂ f

SCALE f (a, M1 ) = aM1
∂C

∂M1
= a∂C

∂ f

TRACE f (M1 ) = Tr(M1 ) ∂C
∂M1

= 1 ∂C
∂ f

DET f (M1 ) = det(M1 ) ∂C
∂M1

= det(M1 )M1
−T ∂C

∂ f

TRANSPOSE f (M1 ) = M1
T ∂C

∂M1
= ∂C

∂ f

CONJUGATE f (M1 ) = M1
∗ ∂C

∂M1
= ∂C

∂ f

nential) must be expressed in terms of the basic operations like
MATMUL, ADD, and SCALE so that the gradient calculation
is accurate.

APPENDIX B: ANALYTICAL GRADIENT OF STATE
TRANSFER IN QUANTUM TRAJECTORIES

In this Appendix, we will show how the analytical gradi-
ents of the cost function

C = 1 − |⟨ψT |ψN ⟩|2 (B1)

could be calculated in a quantum trajectory. The final state in
a quantum trajectory can be written as

|ψN ⟩ = MN MN−1 . . . M1|ψ (0)⟩
∥MN MN−1 . . . M1|ψ (0)⟩∥

, (B2)

where the nonunitary propagators Mj are given by

Mj = exp

(

−iHjdt − dt
2

∑

l

γl c
†
l cl

)

(B3)

in the absence of a jump, or

Mj = cl , (B4)

if a jump occurs in decoherence channel l . If we define

Fj =
√

⟨ψ (0)|M†
1 . . . M†

j Mj . . . M1|ψ (0)⟩ (B5)

and Y = F 2 with F = FN , then the gradient in the case of no
jump is

∂Y
∂u k j

= ∂

∂u k j
⟨ψ (0)|M†

1 . . . M†
N−1M†

N MN MN−1 . . . M1|ψ (0)⟩

= idt⟨ψ (0)|M†
1 . . . M†

j Hk . . . M†
N MN MN−1 . . . M1|ψ (0)⟩

− idt⟨ψ (0)|M†
1 . . . M†

N MN . . . HkMj . . . M1|ψ (0)⟩
= +2dtFFj Im(⟨ψN |MN . . . Mj+1Hk|ψ j⟩). (B6)

052327-15

[Abdelhafez et al. PRA 99, 052327 (2019)]
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| |2
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[Leung et al. PRA 95, 042318 (2017)]
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[Leung et al. PRA 95, 042318 (2017)]

Advantages

Can optimize any functional

Disadvantages

Little code reuse

Inefficient propagators
(matrix exponentiation,
no in-place operations)

Extremely large memory overhead for
storing gradients in graph

Can we keep AD advantage while building
on existing GRAPE implementations?
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[Leung et al. PRA 95, 042318 (2017)]

Advantages

Can optimize any functional

Disadvantages

Little code reuse

Inefficient propagators
(matrix exponentiation,
no in-place operations)

Extremely large memory overhead for
storing gradients in graph

Can we keep AD advantage while building
on existing GRAPE implementations?
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Thank You!


