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Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Gradient Ascent (GRAPE)

optimum quantum control — steer quantum system in some desired way

e.g. CNOT gate:

1) = 00) — CNOT |00) =
|2) = |01) — CNOT |01) =
|¢3) = [10) — CNOT |10) =
|¢a) = |11) — CNOT [11) =
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with Hamiltonian

100) !¢>zlgz> A = Ao+ e2(£)P + ea(t);
01) = [¢5*)
11) = |¢5%)
10) = |¢7%)
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Gradient Ascent (GRAPE)

optimum quantum control — steer quantum system in some desired way

e.g. CNOT gate: with Hamiltonian
_ _ tgt A N N
[é1) = 00) — CNOT|00) = [00) = |4%) A o + ex(6)Fs + ex(6)Fn
|¢2) = |01) — CNOT [01) = [01) = [$5*")
|63) = |10) — CNOT [10) = [11) = M’ gty Iteratively minimize functional, e.g.
2
|¢a) = [11) — CNOT [11) = [10) = [¢F")

_1_

fz<¢tgt|¢(T
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Gradient Ascent (GRAPE)

optimum quantum control — steer quantum system in some desired way

e.g. CNOT gate:
|00) — CNOT |00) =
|01) — CNOT |01) =
|10) — CNOT |10) =
|11) — CNOT |11) =

|61

<

)
2)
3)
|pa)

<

control amplitude
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time

with Hamiltonian
F| = ﬂo + El(t)ﬂl + 62(t)|:|2

Iteratively minimize functional, e.g.

fz<¢tgt|¢>(T

J=1—

Gradient descent:  [Khaneja et al., MR 172, 296 (2005)]
gradient % with €, = ¢/(t,)
= feed into solver (LBFGS)

[de Fouquieres et al.,, JMR 212, 412 (2011)]
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Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Evaluating Gradients

2
gradient 21 for J = 1= [y (0 | (7)) |
—

=Tk

Michael Goerz ¥ Q@goerz 2/8



Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Evaluating Gradients

2
gradient 5%" for J=1- ’ St (0 | ok(T)) )
—_———
0Tk o tgt T tgt On 0
9 <¢ |0(T)) = < [ Un... Uzféx)
aU, .
< tgt|UNT Unt1 e Un—l---U1‘¢k>
(Xk(tnﬂ)\ |k (tn))
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Evaluating Gradients

2
gradient % for J=1-— ’ S 1<¢tgt‘¢k(T)>)
P .
S0 = e B10u(T) = 5o (O 0. )
o0, - .
<tgt|UNT Uni1 B¢, Up—1...U1|ox)
(Xk(tnﬂ)\ [#k(tn))

N N
oJ 1 Z 87‘:, 37’/( 2 Z % 87’/(
Oery N2 {Tk—H-k/aem] — e " Benn
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Evaluating Gradients

HtfH o ... 0 H
0 H@) ... 0 H
¢ = .
0 0 A(t) A,
0 0 0 H(t)
0 Se 19)
e—lC:'dt . — A
0 | | &)
2/ N 0,0)
|¢"5> [Van Loan. IEEE Trans. Automat. Contr. 23, 395 (1978)]
[Floether et al. NJP. 14, 073023 (2012)]
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Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Evaluating Gradients

(D) backward-propagation and storage

\/61\ /62\ /GNT_]-\ \/GNT\

P PN N
x«(0) Xk (t1) o3 Xk(tnr—1) x«(T)
$i(0) i(tr) = ity 1) i(T)

N N, Ny \ENT/

(2) forward-propagation of extended state + gradient

evaluates gﬂ = -
€in

(0 #x(T))
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Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Functionals

2
Most GRAPE implementations have e.g. J =1 — H S (68| gbk(T)>‘ hard-coded
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2
Most GRAPE implementations have e.g. J =1 — H S (68| ¢k(T)>‘ hard-coded

What about other functionals?
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Functionals
2
Most GRAPE implementations have e.g. J =1 — ‘% S (¢ | ¢k(T)>‘ hard-coded

What about other functionals?
What if we cannot calculate the derivative on paper?
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Functionals

2
Most GRAPE implementations have e.g. J =1 — H S (68| gbk(T)>‘ hard-coded

What about other functionals?
What if we cannot calculate the derivative on paper?

(@ Perfect Entanglers Functional

Find a two-qubit gate with maximum entangling power

Fre = (g ) (S0PIEUSI -~ w1UEUsUF U ) (5 mentug ven ) +

+(ege ) (Ger?103 Vel ~ rtuf UsUg U ) (Fgtm2lentUf vel

(fgrelotug ven)
[Watts et al., PRA 91, 062306 (2015)]
Usg: projection into logical subspace, in Bell basis [Goerz et al., PRA 91, 062307 (2015)]
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Functionals

2
Most GRAPE implementations have e.g. J =1 — H S (68| gbk(T)>‘ hard-coded

What about other functionals?
What if we cannot calculate the derivative on paper?

(@ Quantum Fisher Information (a)
1.5

Find a state that maximizes metrological gain

1.0
. 1(p;i — pj)? A 2 Q
F(Pa)zz (p._{_pj_) ’<¢r J9‘¢J>‘ 0.5
iz T
0.1

where p;, |¢;) eigenvalues/eigenvectors of p

[Ma et al., Phys. Rep. 509, 89 (2011)]
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Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Automatic Differentiation

To a computer, everything is analytic!

[Abdelhafez et al. PRA 99, 052327 (2019)]
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Automatic Differentiation

To a com puter’ everything is analytic! —> forward (evolution) <= - - - backward (gradient)

luii sy usa | [ wis uso uss | | C |

‘*.H/
/\ > fe(+ )
[Abdelhafez et al. PRA 99, 052327 (2019)] @ N O /

[Leung et al. PRA 95, 042318 (2017)]
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Automatic Differentiation

Advantages —> forward (evolution) < - - - backward (gradient)

m Can optimize any functional Lo uog usa | [ui uas uss | | C |

"/‘—’
o] @ O‘—'/ (D—

[Leung et al. PRA 95, 042318 (2017)]
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Automatic Differentiation

Advantages —> forward (evolution) <= - - - backward (gradient)

m Can optimize any functional Log o usa | [wnp wop uso | |C|

Disadvantages
m Little code reuse

m Inefficient propagators

(matrix exponentiation,
no in-place operations) @ @
.\Ijl ‘ _’"’/4—>

I
I»@g I»@IE 0
g

[Leung et al. PRA 95, 042318 (2017)]
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m Extremely large memory overhead for
storing gradients in graph
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Automatic Differentiation

Advantages —> forward (evolution) < - - - backward (gradient)

m Can optimize any functional Log o usa | [wnp wop uso | |C|

Disad.vantages é @ @ @ @
m Little code reuse
m Inefficient propagators H“ e e
(matrix exponentiation,
no in-place operations) @ ?- / .
.‘—HIA 0.‘—'% 1 U

!
l@g l@ [}
Can we keep AD advantage while building I I

on existing GRAPE implementations? @ @ O‘_'/ O<—

m Extremely large memory overhead for
storing gradients in graph

[Leung et al. PRA 95, 042318 (2017)]
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Semi-Automatic Differentiation

Idea: Help AD with the chain rule — push numerical effort into “inner” derivative
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Semi-Automatic Differentiation

Idea: Help AD with the chain rule — push numerical effort into “inner” derivative

©
0J({re})  0J om

de 07 D6, with 7 = (¢} | 6k(T)) = standard functionals
—

AD GRAPE
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Semi-Automatic Differentiation

Idea: Help AD with the chain rule — push numerical effort into “inner” derivative

©
0J({re})  0J om

with 7 = (0,8 | ¢k(T)) = standard functionals

O€in B a77'1( O€jn
NG
AD GRAPE

©)
OJ({rwr}) 0 Omk

= with  7pp = (P&
O€n 0Tk O€pn Kk <¢k
—— N——

ok(T)) = functionals of gates (PE)

AD GRAPE*
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Semi-Automatic Differentiation

Idea: Help AD with the chain rule — push numerical effort into “inner” derivative

©
0J({re})  0J om

de 07 D6, with 74 = <¢)th ’ ox(T)) = standard functionals
—

AD GRAPE
@

OJ({ 7wk }) 0J Otk

= ith 7k = (98" | ox(T functionals of PE
dern Orer Oem with 7 = (¢8| (T)) = functionals of gates (PE)
—— ——
AD  GRAPE*
®
oJ({IVi)}) 0J 0|Vy) oV )
66/n ¢ 8 |\Uk> 66/,1 e\ XK 66/,«, © 86/,.’ <Xk | k>
~——
AD GRAPE

= arbitrary functionals (QFI)
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GRAPE.j|

[ ] Q GitHub - JuliaQuantumContro! X +

< C' @& github.com/JuliaQuantumControl/GRAPE.jl

(£
%
»
he

‘= README.md

GRAPE.j
Jl

Implementation of (second-order) GRadient Ascent Pulse Engineering (GRAPE) extended
with automatic differentiation. Part of QuantumControl.jl and the JuliaQuantumControl
organization.

Installation

For normal usage, the GRAPE package should be installed as part of QuantumControl.jl:

pkg> add QuantumControl

Michael Goerz ¥ @goerz

julia
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JuliaQuantumControl

[ J [ ) JuliaQuantumControl - GitHub X +

< C' @ github.com/JuliaQuantumControl

JuliaQuantumControl
Julia Framework for Quantum Optimal Control

69 https:/fjuliaquantumcontrol.github.i...

(A Overview [ Repositories 11 @ Packages A People 3 3 Projects

README . md
¢ A Julia Framework for Quantum Optimal Control.

The JuliaQuantumControl organization collects packages implementing a comprehensive
collection of methods of open-loop quantum optimal control.
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Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Conclusions & Outlook

Summary
m AD enables optimization of arbitrary functionals
m AD can be made efficient with “semi-AD”

m All functionals can use “standard” GRAPE as
main numerical component
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Summary

m AD enables optimization of arbitrary functionals
m AD can be made efficient with “semi-AD”

m All functionals can use “standard” GRAPE as
main numerical component

Outlook

m Support all semi-AD variations in GRAPE. j1

m Usage examples —

gate optimization & metrology

m Benchmark memory & runtime advantage
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Summary

m AD enables optimization of arbitrary functionals
m AD can be made efficient with “semi-AD”

m All functionals can use “standard” GRAPE as

main numerical component

Outlook

Supercharging Quantum Optimal Control with Efficient Automatic Differentiation

Conclusions & Outlook

Total memory allocation (MiB)

m Support all semi-AD variations in GRAPE. j1

m Usage examples —

gate optimization & metrology

m Benchmark memory & runtime advantage

Thank You!
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