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Quantum Interferometry

Ensemble of atoms

Create a superposition

Separate components

Accumulate a relative phase

Recombine

Imprint phase on measurement
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Atomic Fountain Interferometer – Rapid Adiabatic Passage (RAP)
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JuliaQuantumControl
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Why Julia?

Performance – compiles to low-level machine code (matches Fortran)

Flexibility – multiple dispatch, ecosystem

Expressiveness – clean syntax, unicode, notebook environment
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Design Principle

Maximum performance and composability through abstract interfaces
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Optimization Functional
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Control Problem and Trajectories
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Control Problem and Trajectories
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Dynamical Generators

https://michaelgoerz.net 13 / 32

Optimal Control Techniques for Quantum Interferometry



UNCLASSIFIED

Dynamical Generators
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Optimization schemes
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(a) GRAPE

1○ forward-prop and storage with guess

2○ backward-prop of extended state/gradient
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Propagators
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Rotating Tractor Interferometer
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Project-Specific Data Structures
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Adiabatic Dynamics of Rotating TAI
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Adiabatic Dynamics of Rotating TAI
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Interferometric Response of Rotating TAI
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Non-Adiabatic Dynamics of Rotating TAI
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ω(t) =





ωopt(t) 0 ≤ t < tr

ω0 tr ≤ t < tr + tloop

ωopt(t
′) T − tr ≤ t ≤ T

Find ωopt(t) for short tr so that

Ψ(θ, t = 0)→ Ψtgt(θ, t = tr )

where |Ψtgt〉 = ground state of moving potential
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Guided Control

ωopt(t) = ω(t) + S(t)δω(t)
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Guided Control

ωopt(t) = ω(t) + S(t)δω(t)
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Optimization with QuantumControl.jl
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Guided Control

ωopt(t) = ω(t) + S(t)δω(t)
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Optimized Dynamics or Rotating TAI
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— Adapted from Fig 2 of Jarmola et. al. Sci. Adv. 7, eabl3840 (2021)
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ĤRWA =



− δ

2 Ω1,0(t) 0
Ω∗1,0(t) ∆ Ω0,−1(t)

0 Ω∗0,−1(t) δ
2




Ω1,0(t) =
Ωp(t)

2
e iφ

(i)
p +

Ωs(t)

2
e iφ

(i)
s e−iωps t

Ω0,−1(t) =
Ω∗s (t)

2
e−iφ

(i)
p +

Ω∗p(t)

2
e−iφ

(i)
s e−iωps t



UNCLASSIFIED

NV Center Hamiltonian with Crosstalk

https://michaelgoerz.net 25 / 32

Optimal Control Techniques for Quantum Interferometry

|+1〉

|−1〉

|0〉

ωp

ω1

∆p

ωs

∆s

ω2
δ

∆

ω12



UNCLASSIFIED

Parameterized Pulses

https://michaelgoerz.net 26 / 32

Optimal Control Techniques for Quantum Interferometry



UNCLASSIFIED

Parameterized Pulses

https://michaelgoerz.net 26 / 32

Optimal Control Techniques for Quantum Interferometry



UNCLASSIFIED

Population Response Signal

https://michaelgoerz.net 27 / 32

Optimal Control Techniques for Quantum Interferometry

1.360 1.365 1.370 1.375 1.380 1.385
time of flight  (ms)

0.00

0.25

0.50

0.75

1.00

fin
al

 ti
m

e 
po

pu
la

tio
n 

in
 |0

population response

0 1 2 3 4 5
frequency (MHz)

0.05

0.10

0.15

0.20

sp
ec

tru
m

 (a
rb

. u
ni

ts
)

unoptimized
spectrum of population response

=1.0
=0.9

=0.8
=0.5

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1



UNCLASSIFIED

Population Response Signal

https://michaelgoerz.net 27 / 32

Optimal Control Techniques for Quantum Interferometry

1.360 1.365 1.370 1.375 1.380 1.385
time of flight  (ms)

0.00

0.25

0.50

0.75

1.00

fin
al

 ti
m

e 
po

pu
la

tio
n 

in
 |0

population response

0 1 2 3 4 5
frequency (MHz)

0.05

0.10

0.15

0.20

sp
ec

tru
m

 (a
rb

. u
ni

ts
)

unoptimized
spectrum of population response

=1.0
=0.9

=0.8
=0.5

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1



UNCLASSIFIED

NV Center Optimization Problem

https://michaelgoerz.net 28 / 32

Optimal Control Techniques for Quantum Interferometry

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1

Ω1,0(t) =
Ωp(t)

2
e iφ

(i)
p +

Ωs(t)

2
e iφ

(i)
s e−iωps t

Absorb phase difference in RF pulse

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1



UNCLASSIFIED

NV Center Optimization Problem

https://michaelgoerz.net 28 / 32

Optimal Control Techniques for Quantum Interferometry

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1

Ω1,0(t) =
Ωp(t)

2
e iφ

(i)
p +

Ωs(t)

2
e iφ

(i)
s e−iωps t

Absorb phase difference in RF pulse

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1



UNCLASSIFIED

NV Center Optimization Problem

https://michaelgoerz.net 28 / 32

Optimal Control Techniques for Quantum Interferometry

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1

Ω1,0(t) =
Ωp(t)

2
e iφ

(i)
p +

Ωs(t)

2
e iφ

(i)
s e−iωps t

Absorb phase difference in RF pulse

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1



UNCLASSIFIED

NV Center Optimization Problem

https://michaelgoerz.net 28 / 32

Optimal Control Techniques for Quantum Interferometry

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1

Ω1,0(t) =
Ωp(t)

2
e iφ

(i)
p +

Ωs(t)

2
e iφ

(i)
s e−iωps t

Absorb phase difference in RF pulse

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1



UNCLASSIFIED

Semi-automatic differentiation

https://michaelgoerz.net 29 / 32

Optimal Control Techniques for Quantum Interferometry

JT ({|Ψµ,τ (T )〉}) =
∑

µ

|FFT([P0(τ ;µ)])− FFT([P0(τ ;µ = 1)])|

Make spectrum for any µ look like spectrum for µ = 1

Automatic Differentiation:
evaluate JT inside AD framework

Semi-AD

Use a chain rule to split the gradient into

a numerically expensive but analytic part

a non-analytic but computationally cheap part

∇JT =
∂JT
∂εnl

= 2Re
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k

∂JT
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≡〈χk |

∂ |Ψk(T )〉
∂εnl

]

= 2Re

[∑

k

∂

∂εnl
〈χk(T )|Ψk(T )〉

]

— Goerz, Carrasco, Malinovsky. Quantum 6, 871 (2022)
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Figure 1: Numerical scheme for the contribution from the k’th objective to the gradient/update for the l’th control,
in iteration (i) of an optimization with GRAPE (a) and Krotov’s method (b). For GRAPE, the scheme starts in the
bottom left with the initial state |„kÍ at t = 0. The states marked in red must be stored in memory. The backward
propagation of the extended state |‰̃k(t)Í is defined in Eq. (9). Both the forward and the backward propagation
uses the guess controls, indicated by the superscript (i ≠ 1). A negative time index, e.g. in t91, is shorthand for
NT ≠1. The gradient values Ò·

(k)
nl marked in blue are defined in Eq. (10). For Krotov’s method, the schemes starts

in the top right of panel (b) with |‰k(T )Í defined in Eq. (14). The backward propagation uses the guess controls
(i≠ 1), while the forward propagation uses the updated controls (i). The updates �‘

(k)
nl marked in blue correspond

to the terms under the sum in Eq. (12), at the midpoint of the n’th time interval. That is, they are summed over
k to obtain the total updated ‘

(i)
nl .

The expansion coe�cients am for a given spectral range and a uniform time step dt can be calculated
analytically and are proportional to Bessel functions [62]. For a non-Hermitian Ĥ (e.g., a Liouvil-
lian), an expansion into Newton polynomials is suitable [64, 66, 86]. Both Chebychev and Newton
propagation have been implemented in Julia [87].

In this context, it is worth noting that the eigenvalues of Gn in Eq. (4) are the same as the
eigenvalues of the underlying Ĥn, with an additional (L+1) degeneracy. In particular, for a Hermitian

Ĥn the eigenvalues of Gn are real, despite Gn as a whole not being Hermitian. Thus, if e≠iĤndt can be
evaluated via a Chebychev expansion, so can e≠iGndt, with the same expansion coe�cients.

The complete numerical scheme for evaluating Ò·
(k)
nl is shown in Fig. 1 (a). It starts at the

bottom left with the initial state |„kÍ. This state is forward-propagated using the values ‘
(i≠1)
nl for

the l’th control and the n’th time step, where the superscript (i ≠ 1) indicates the guess for the
current iteration (i). The propagation continues to the final state |�k(T )Í. All of these propagated
states must be stored in memory. After the forward-propagation ends, we initialize an extended state
|‰̃k(t = tNT = T )Í = [0, . . . 0, |„tgt

k Í]T , consisting of a zero block for each of the L controls ‘l(t) and the
target state for the objective (k) in the bottom block. This extended state is backward-propagated as
|‰̃k(tn≠1)Í = e≠iGú

ndtn |‰̃k(tn)Í with a negative time step dtn. In the full block-form of the extended
state and generator, each propagation step is defined as

Q
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n ,

R
ddddddb
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T
XXXXXXV

Q
ccca

0
...
0

|‰k(tn)Í

R
dddb , (9)

which is the backward version of the forward step defined in Eqs. (4–6). After each step in the backward
propagation, we calculate the nl’th component of the gradient of ·k with respect to the control values,

Ò·
(k)
nl © (Ò·k)nl = È‰̃kl(tn≠1) | �k(tn≠1)Í , (10)
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0 0 . . . 0 Ĥ(t)
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— “GOAT”: Machnes et al. Phys. Rev. Lett. 120, 150401 (2018)
https://github.com/JuliaQuantumControl/QuantumGradientGenerators.jl
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