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Quantum Optimal Control Theory

Steer a quantum system in some desired way

Optimization Functional:

J = JT
(
{|ψk(T )〉}

)
+

∫ T

0
ga
(
{εl(t)}

)
dt +

∫ T

0
gb
(
{|ψk(t)〉}

)
dt

subject to i~
∂

∂t
|ψk(t)〉 = Ĥ |ψk(t)〉 ; Ĥ = Ĥ0 + Ĥ1

(
ε(t)

)
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Quantum Optimal Control Theory

Optimization Functional:

J = JT
(
{|ψk(T )〉}
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)
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Lagrange Multipliers:

Adjoin equation of motion to J via co-states |χk(t)〉
|ψk〉, |χk〉, εl now independent

Optimum: δJ = 0
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Quantum Optimal Control Theory

“The application of the PMP is not so straightforward. Indeed, there
are many conditions to satisfy and all of them are coupled.”

— Boscain et al., PRX Quantum 2, 030203 (2021)
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Reaction selectivity (pump–dump)
Tannor, Rice, J. Chem. Phys. 83, 5013 (1985)

Coherent control of products
Brumer, Shapiro, Chem. Phys. Lett. 126, 541

(1986)

Selectivity via pulse shaping
Kosloff et al., Chem. Phys. 139, 201 (1989)

Bond dissociation & rearrangement
Levis et al., Science 292, 709 (2001)

Monograph
Brumer, Shapiro, Principles and Applications of

the Quantum Control of Molecular Processes

(Wiley, 2003)
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Quantum Optimal Control Theory

— Tannor, Introduction to Quantum Mechanics: A Time-Dependent Perspective (2007)
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Chebychev Polynomials

P0(x) = 1; P1(x) = x ; Pn(x) = 2xPn−1(x)− Pn−2(x)

Pn(x) are defined for x ∈ [−1, 1]

|Ψ(t + dt)〉 = e−iĤ dt |Ψ(t)〉 =
∑
n

an Pn(−iĤnorm)|Ψ(t)〉︸ ︷︷ ︸
≡|Φn〉

,

Ĥnorm = 2
Ĥ− Emin 1

∆
− 1 , an = (2− δn0)e−

i
~( ∆

2
+Emin) dtJn(α) ,

|Φ0(x)〉 = |Ψ(t)〉; |Φ1(x)〉 = −iĤnorm|Φ0〉; |Φn(x)〉 = −2iĤnorm|Φn−1〉+ |Φn−2〉
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186 F. Propagation Algorithms

Algorithm 2 Chebychev-Propagator Evaluate w̨ = f(±Â dt)v̨,
with f(±Â dt) = e±iÂ dt.

Input: input vector v̨ œ CN ; operator Â œ CN◊N ; time step dt;
Output: Approximation of propagated vector w̨ = e≠iÂ dtv̨ œ CN

1: procedure Cheby(v̨, Â, dt)
2: � = spectral radius of Â
3: Emin = minimum eigenvalue of Â
4: [a0 . . . an] = ExpChebyCoeffs(�, Emin, dt)
5: d = 1

2�; — = d + Emin
6: v̨0 = v̨
7: w̨(0) = a0v̨0
8: v̨1 = ± i

d

1
Âv̨0 ≠ —v̨0

2

9: w̨(1) = w̨(0) + a1v̨1
10: for i = 2 : n do
11: v̨i = ±2i

d

1
Âv̨i≠1 ≠ —v̨i≠1

2
+ v̨i≠2

12: w̨(i) = w̨(i≠1) + aiv̨i
13: end for
14: return e±i — dtw̨(n)

15: end procedure

Algorithm 3 ChebychevCoefficients for f(±Â dt) = e±iÂ dt.

Input: spectral radius � of Â; minimum eigenvalue Emin of Â; time
step dt

Output: Array of Chebychev coe�cients [a0 . . . an] allowing to ap-
proximate f(Â dt) to pre-defined precision.

1: procedure ExpChebyCoeffs(�, Emin, dt)
2: – = 1

2� dt
3: a0 = J0(–) Û 0’th order Bessel-function of first kind
4: for i = 1 : nmax ¥ 4Â–Ê do
5: ai = 2Ji(–) Û i’th order Bessel-function of first kind
6: if |ai| < limit then exit loop with n = i
7: end for
8: return [a0, . . . an]
9: end procedure
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Classical Control Theory

Krotov & Feldman, Eng. Cybern. 21, 123
(1983)

Krotov, Control & Cybern. 17, 115 (1988)

Krotov, Global Methods in Optimal Control
Theory (Dekker, 1996)

Konnov & Krotov, Autom. Remote Control 60,
1427 (1999)

J = JT
(
{|ψk(T )〉}

)
+

∫ T

0
ga
(
{εl(t)}

)
dt +

∫ T

0
gb
(
{|ψk(t)〉}

)
dt

Given: guess ε
(0)
l (t). Find: new field ε

(1)
l (t) with J

(
{ε(1)

l (t)}
)
≤ J

(
{ε(0)

l (t)}
)

Necessary & sufficient condition:

∂ga

∂ε
(1)
l

= 2Im
∑
k

〈
χ

(0)
k (t)

∣∣∣∂Ĥ

∂εl

∣∣∣ψ(1)
k (t)

〉
, |χ(0)

k (T )〉 = − ∂JT
∂〈ψk(T )|

Choose ga quadratic in the update:

ga =
λa
S(t)

(
∆εl(t)

)2
, ∆εl(t) = ε

(1)
l (t)− ε(0)

l (t)

=⇒ ∆εl(t) =
S(t)

λa
Im
∑
k

〈
χ

(0)
k (t)

∣∣∣∂Ĥ

∂εl

∣∣∣ψ(1)
k (t)

〉
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∂εl

∣∣∣ψ(1)
k (t)

〉

https://michaelgoerz.net


UNCLASSIFIED

Krotov’s Method

https://michaelgoerz.net 27 / 85

Quantum Optimal Control Theory

J = JT
(
{|ψk(T )〉}

)
+

∫ T

0
ga
(
{εl(t)}

)
dt +

∫ T

0
gb
(
{|ψk(t)〉}

)
dt

Given: guess ε
(0)
l (t). Find: new field ε

(1)
l (t) with J

(
{ε(1)

l (t)}
)
≤ J

(
{ε(0)

l (t)}
)

Necessary & sufficient condition:

∂ga

∂ε
(1)
l

= 2Im
∑
k

〈
χ

(0)
k (t)

∣∣∣∂Ĥ
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2○ forward-prop with updated control

φk Ψk(t1)

ε
(1)
l,1

∆ε
(k)
l,1

Ψk(t). . .

ε
(1)
l,2

∆ε
(k)
l,2

Ψk(tNT−1)

ε
(1)
l,NT−1

∆ε
(k)
l,NT−1

Ψk(T )

ε
(1)
l,NT

∆ε
(k)
l,NT

1○ backward-prop and storage with guess

χk(0) χk(t1)

ε
(0)
l,1

χk(t). . .

ε
(0)
l,2

χk(tNT−1)

ε
(0)
l,NT−1

χk(T )
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l,NT

∂Ĥk
∂εl (0)

∂Ĥk
∂εl (t1)

∂Ĥk
∂εl (t2)
. . . ∂Ĥk

∂εl (tNT−1)

— Goerz et al. Quantum 6, 871 (2022)
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Concurrent update:

∆ε
(i)
l (t) ∝ Im

〈
χ

(i−1)
k (t)

∣∣ ∂Ĥ

∂εl(t)

∣∣φ(i−1)
k (t)

〉

Monotonic convergence (Zhu–Rabitz):

ε
(i)
l (t) = (1− δ) ε̃

(i−1)
l (t)− δ

α
Im
〈
χ

(i−1)
k (t)

∣∣ ∂Ĥ

∂εl(t)

∣∣φ(i)
k (t)

〉
ε̃

(i)
l (t) = (1− η) ε
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Composite 180◦ rotation: pulse errors cancel

— Vandersypen & Chuang,

Rev. Mod. Phys. 76, 1037 (2005)

Pulse design since the 1960s

Bloch equation: RF field steers spin

Robust over ensembles:
chemical-shift offset, B1 inhomogeneity

Analytic pulse families:
composite, adiabatic, shaped

Bloch, Phys. Rev. 70, 460 (1946)

Conolly et al., IEEE Trans. Med. Imaging 5, 106
(1986)

Levitt, Prog. NMR Spectrosc. 18, 61 (1986)

Cory et al., Physica D 120, 82 (1998)

Glaser et al., Science 280, 421 (1998)

Skinner et al., J. Magn. Reson. 163, 8 (2003)
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— Glaser, “NMR Control Overview,” KITP (2009)
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time

co
n

tr
o

l
a

m
p

li
tu

d
e Khaneja et al., J. Magn. Reson. 172, 296 (2005)

Discretize first!

Piecewise constant: Ĥn = Ĥ({εnl}) with εnl = εl(t = tn) for n’th time slice

J({εnl}) = JT ({|Ψk(T )〉}) +

∫ T

0
. . . dt

Gradient ∇J ≡ ∂J
∂εnl

⇒ LBFGS
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JT ({zk}) = JT ({Re[zk ], Im[zk ]}); JT ∈ R, zk ∈ C

∂JT ({zk})
∂εnl

=
∑
k

(
∂JT

∂Re[zk ]

∂Re[zk ]

∂εnl
+

∂JT
∂Im[zk ]

∂Im[zk ]

∂εnl

)
; εnl ∈ R
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∂JT ({zk})

∂zk
≡ 1
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∂JT

∂Re[zk ]
− i

∂JT
∂Im[zk ]

)
∂JT ({zk})

∂z∗k
≡ 1
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∂JT

∂Re[zk ]
+ i

∂JT
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)
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(
∂JT
∂zk

)∗
∂JT ({zk})

∂εnl
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∑
k

(
∂JT
∂zk

∂zk
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+
∂JT
∂z∗k

∂z∗k
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)
= 2Re

[∑
k

∂JT
∂zk
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]
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|Ψ〉 =̂ complex column vector =̂ z

〈Ψ| =̂ conjugate-transpose row vector =̂ z∗

〈Ψ|φ〉 =̂ scalar

⇒ ∂〈Ψ|φ〉
∂〈Ψ| = |φ〉 ∂〈Ψ|φ〉

∂|φ〉 = 〈Ψ|
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— Goerz et al., Quantum 6, 871 (2022)
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
∂Û†n
∂εn1
|χk(tn)〉

...
∂Û†n
∂εnL
|χk(tn)〉

Û†n|χk(tn)〉

 = exp

−i


Ĥ†n 0 . . . 0 Ĥ

(1)†
n

0 Ĥ†n . . . 0 Ĥ
(2)†
n

...
. . .

...

0 0 . . . Ĥ†n Ĥ
(L)†
n

0 0 . . . 0 Ĥ†n

 dtn




0
...
0

|χk(tn)〉



Ûn = exp[−iĤndtn] ; Ĥ
(l)
n =

∂Ĥn

∂εl(t)

— Goodwin & Kuprov, J. Chem. Phys. 143, 084113 (2015)
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1○ forward-prop and storage with guess

φk Ψk(t1)

ε
(0)
l,1

Ψk(t). . .

ε
(0)
l,2

Ψk(tNT−1)

ε
(0)
l,NT−1

Ψk(T )

ε
(0)
l,NT

2○ backward-prop of extended state/gradient

χ̃k(0) χ̃k(t1)

ε
(0)
l,1

∇τ (k)
l,1

χ̃k(t). . .

ε
(0)
l,2

∇τ (k)
l,2

χ̃k(tNT−1)

ε
(0)
l,NT−1

∇τ (k)
l,NT−1

χ̃k(T )

ε
(0)
l,NT

∇τ (k)
l,NT

. . .

— Goerz et al. Quantum 6, 871 (2022)
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τ (k) = 〈χk(T )|Ψk(T )〉

— Goerz et al. Quantum 6, 871 (2022)
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∑
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— Goerz et al. Quantum 6, 871 (2022)
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— Häffner et al., Phys. Rep. 469, 155 (2008)

Idea: map qubit of ion 1 onto the shared (COM) vibrational mode; single-site
addressed gate on ion 2 conditioned on the mode ⇒ entanglement

— Cirac & Zoller, Phys. Rev. Lett. 74, 4091 (1995)
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Direct |gg〉 ↔ |ee〉 coupling via blue/red-sideband interference

— Sørensen & Mølmer, Phys. Rev. Lett. 82, 1971 (1999)
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the external motion of the ions. By optical pumping,
we can prepare a state r ≠ jggl kggj ≠ ryib , and, if we
apply radiation fields corresponding to a pulse of duration
T ≠ pys2jṼjd, our system is described by the density
operator r ≠ jcl kcj ≠ ryib , where jcl is a maximally
entangled EPR state s1y

p
2 d sjggl 2 ijeeld.

Since the states jegl and jgel do not fulfill any resonance
condition, one might expect that they are unaffected by the
laser pulses. Because of n-dependent perturbations of the
energy levels by the lasers, this is, however, not the case.
Keeping only the most important terms, we get the energy
shifts,

DEggn ≠ DEeen ≠ 2h̄
shVd2

4
1

n 2 d
,

DEegn ≠ h̄

√
shVd2

2
n

n 2 d
2

V2

2d

!
, (4)

DEgen ≠ h̄

√
2

shVd2

2
n 1 1
n 2 d

1
V2

2d

!
.

The energy shifts of the jeenl and jggnl are identical and
independent of n, but, since the energy shifts of jegnl
and jgenl depend on the vibrational quantum number, the
time evolution introduces phase factors e2iDEegnty h̄, which
depend on n; and, e.g., at the time t ≠ Tinv ≠ 2psn2dd

h2V2 ,
where jggl and jeel are inverted, factors of s21dn will
tend to extinguish the coherence between internal states
jeel and jegl. This coherence can be restored by a
trick resembling photon echoes [11]. Notice that the n-
dependent part of DEegn is minus the n-dependent part of
DEgen. If at any time Ty2 we change the sign of the laser
detuning d, phase components proportional to n will begin
to rotate in the opposite direction and at time T we will
have a revival of the coherence. This is confirmed by our
numerical solution of the Schrödinger equation presented
in Fig. 3, where we change the laser detunings at the time

ν
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t

FIG. 3. Revival of coherence at Tinv . Initially ion 1 is in
a superposition s1y

p
2 d sjgl 1 jeld and ion 2 is in jgl. The

sign of d is changed at Tinvy2 (arrows to the left), to ensure
the perfect transition at Tinv (arrows to the right). The full
lines represent populations of jeel and jegl. The dotted and
the dashed curves represent the real and imaginary part of the
coherence ree,eg. Parameters are d ≠ 0.90n, V ≠ 0.05n, and
h ≠ 0.1.

Tinvy2, and at the time Tinv we have completed the transfer
s1y

p
2 d sjggl 1 jegld ! s1y

p
2 d s2ijeel 1 jegld.

No particularly demanding assumptions have been made
for the experimental parameters. With a vibrational fre-
quency ny2p ≠ 200 kHz, the transition shown in Fig. 2,
require Rabi frequencies Vy2p of a modest 20 kHz, and
the evolution from jggl to jeel is accomplished in 5 ms.
To be relevant for real computational tasks it is necessary
that our evolution is robust against decoherence effects on
this long time scale. An important source of decoherence
is heating of the vibrational motion, and it is a major as-
set of our proposal that it can be made insensitive to the
interaction with the environment: The arguments leading
to Eq. (3) do not require that the ions remain in the same
vibrational state, and the coherent oscillation from jggl to
jeel may still be observed when the vibrational motion ex-
changes energy with a thermal reservoir. The photon echo
trick, however, is sensitive to heating: If the vibrational
quantum number n changes its value at the time Ty2where
the detunings are inverted, the second half of the gate will
no longer revert the phase evolution due to the new value
of n and coherence is lost. If instead the detunings are
inverted N times during a gate, the erroneous phase will
only be on the order of the phase evolution in time TyN ,
and the effect of the heating is reduced.
Rather than inverting the detunings a large number of

times, we suggest to continuously apply lasers with both
detunings 6d on both ions. With two fields of opposite
detunings and identical Rabi frequency V there are two
contributing paths in addition to the two paths in Fig. 1.
The contribution from the two additional paths are identical
to the two original paths and the only modification to the
jggl $ jeel Rabi frequency in Eq. (3) is multiplication by
a factor of 2. With bichromatic fields there also exists a
resonant transition from jegl to jgel. The Rabi frequency
of this transition is the negative of the Rabi frequency from
jggl to jeel and the evolution will be described by

jggl ! cos
µ

ṼT
2

∂
jggl 1 i sin

µ
ṼT
2

∂
jeel ,

jeel ! cos
µ

ṼT
2

∂
jeel 1 i sin

µ
ṼT
2

∂
jggl ,

jgel ! cos
µ

ṼT
2

∂
jgel 2 i sin

µ
ṼT
2

∂
jegl ,

(5)

jegl ! cos
µ

ṼT
2

∂
jegl 2 i sin

µ
ṼT
2

∂
jgel .

To validate that the evolution in Eq. (5) is in fact stable
against heating, we introduce a thermal reservoir described
by relaxation operators c1 ≠

p
Gs1 1 nthermd a and c2 ≠p

Gntherm ay, where G characterizes the strength of the
interaction, and ntherm is the mean vibrational number in
thermal equilibrium. We analyze the dynamics of the
system using Monte Carlo wave functions [12], which
evolve with a non-Hermitian Hamiltonian interrupted by

1973

effective coupling Ω̃ from 2nd-order perturbation

theory — independent of phonon number n

170 H. Häffner et al. / Physics Reports 469 (2008) 155–203

Fig. 14. Energy-level diagram of two trapped ions illustrating the principle of the Sørensen and Mølmer gate. The bus mode is populated with n phonons.
Two laser beams tuned close to the blue and red sideband, respectively, drive the system via the dashed virtual levels between the |n, ggi and |n, eei state.
A similar process takes place if the ion string is either in the |n, egi or in the |n, gei state.

Fig. 15. Force on two ions in a standing wave of two laser fields. (a): both ions spin up. Both ions experience the same force (b) one ion spin down, the
other spin up. Both ions experience opposing forces. Tuning the frequency difference of the two laser fields close to the breathing mode frequency, in (a)
the motion of the ion string cannot be excited efficiently, while in (b) the breathing mode is excited.

right hand sides. This transformation is a conditional phase gate up to single-qubit phase-shifts and is known to be universal
together with single-qubit operations.

The Mølmer–Sørensen gate has the particular feature that it does not require individual addressing of the ions and that
it does not fail completely if the ion string were not cooled to the ground state. As will be described in Section 4.2, the NIST
group entangled up to four 9Be+ ions with this gate type (Sackett et al., 2000). Furthermore, Haljan et al. (2005b) created
all four Bell states and implemented Grover’s seach algorithm with 111Cd+ ions using this gate operation (see also Refs. Lee
et al. (2005), Brickman et al. (2005) and Brickman (2007)).

Very recently, the application of a Mølmer–Sørensen gate to optical qubits excited on dipole-forbidden transitions has
been analyzed (Roos, 2008). It was shown that fast, high-fidelity gate operations are achievable by smoothly switching on
and off the bichromatic laser fields inducing the gate action. The experimental implementation of this technique has resulted
in the creation of Bell states with a fidelity of 99.3(1)% (Benhelm et al., 2008b).

2.6.4. Geometric phase gate
The so-called geometric phase gate uses also two laser fields irradiating multiple ions at the same time. An interesting

feature of this gate is that ideally during the gate operation the electronic state of the ions is not touched. Only a force
dependent on the electronic states is applied such that for the various electronic states different phases are acquired (Milburn
et al., 2000). In the scheme implemented by the NIST group (Leibfried et al., 2003b) two non-co-propagating laser fields
create a standingwave (see Fig. 15). The difference of the two laser frequencies is tuned closely to one of the axial frequencies
which leads to a walking wave. Thus, each ion experiences a periodic AC-Stark shift and a force depending on the slope of
the spatial variation of the AC-Stark shift. Most importantly, the size and even the direction of the force can depend on the
electronic state of the ion. Choosing the distance between the ions such that each ion experiences the same phase of the
walking wave for a given time (see Fig. 15), ions are pushed in the same direction if they have the same electronic state. In
this way, the breathing mode cannot be excited. However, if the ions are in different electronic states the forces on the ions
are not the same and the breathing mode can be excited. Detuning of the drive from the motional mode is chosen such that
the phase between the motion and the drive changes its sign after half the gate time. In this way, the ion string is driven
back to the original motional state after the full gate time. This ensures that the motion is disentangled from the electronic
state after the gate operation. The intermediate energy increase as compared to situations where the motion is not excited
leads to the desired phase factor and the ions have picked up a phase factor that depends non-linearly on the internal states
of both ions.

— Häffner et al., Phys. Rep. 469, 155 (2008)
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“Shuffling atoms around” (QCCD)
move ions between trap zones fast, without heating the motional modes

— Fürst et al., New J. Phys. 16, 075007 (2014)
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causes them to come to rest on opposite sides, 
each a bit up the slope. In this state, the marbles 
would tend to move in tandem: they could, for 
instance, oscillate back and forth in the bowl 
along their direction of alignment while preserv-
ing the separation distance between them. A pair 
of qubits in an ion trap would also experience 

the internal states of the two ion qubits and real-
ize a CNOT gate. A brief explanation of a vari-
ant on their gate goes as follows.

First, think about two marbles in a bowl. 
Assume that the marbles are charged and repel 
each other. Both marbles want to settle at the 
bottom of the bowl, but the coulomb repulsion 

ION STRINGS 
[ONE APPROACH]

One method for building a trapped-ion computer is to connect the ions through 
their common motions. A string of ions is electrically levitated between two arrays 
of electrodes. Because the positively charged particles repel one another, any oscil-
latory motions imparted to one ion (say, by a laser) will move the whole string.  
Lasers can also flip the ions’ magnetic orientations, which encode the data carried 
by the string—an up orientation can correspond to 1, and down can represent 0. 

THE FUTURE
Scaling this system up to larger numbers of ions presents 
difficulties, however.  It appears that longer strings—those 
containing more than about 20 ions—would be nearly 
impossible to control because their many collective modes  
of common motion would interfere with one another. So 
scientists have begun to develop gridlike traps in which ions 
can be moved from a string in the system’s memory, say,  
to another string where data are being processed. The 
quantum entanglement of the ions allows data to be 
transferred from one zone of the trap to another.  

1   If the leftmost ion 
state is up, the 
lasers flip it and 
put it in motion, 
oscillating the 
whole string.

Electrodes

Repulsion between  
positively charged ions

Ion in superposition  
of up and down states

ElectrodesLaser beam

2   Another laser flips 
the rightmost  
ion only if it is  
in motion.

Superposition  
of stationary  
and moving  
ion strings

3   Yet another laser 
flips the leftmost 
ion (and stops 
the motion) if  
it is moving.

4   Leftmost and 
rightmost ions are 
now entangled  
and can serve  
as a logic gate  
in quantum 
calculations.

Processor

Memory

Processor

Memory

Electrodes

A multizone ion trap was developed at the 
 National Institute of Standards and Technology.

© 2008 SCIENTIFIC AMERICAN, INC.

— Monroe & Wineland, Sci. Am. (2008)
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resonator !Sec. V". This type of approach was also discussed
in Refs. #14,29$ and here we will present various mecha-
nisms to tune this type of interaction. The dispersive regime
that is the basis of the schemes relying on virtual excitations
of the resonator can also be used to create probabilistic en-
tanglement due to measurement. This is discussed in Sec. VI.
Next, we consider gates that are based on real photon popu-
lation of the resonator !Sec. VII". For these gates, selection
rules will set some constraints on the transitions that can be
used. Finally, we discuss a gate based on the geometric phase
which was first introduced in the context of ion trap quantum
computation #46,47$.

Before moving to two-qubit gates, we begin in Sec. II
with a brief review of circuit QED and, in Sec. III, with a
discussion of single-qubit gates. A table summarizing the ex-
pected rates and quality factors for the different gates is pre-
sented in the concluding section.

II. CIRCUIT QED

A. Jaynes-Cummings interaction

In this section, we briefly review the circuit QED archi-
tecture first introduced in Ref. #14$ and experimentally stud-
ied in Refs. #3,15–17$. Measurement-induced dephasing was
theoretically studied in Ref. #18$. As shown in Fig. 1, this
system consists of a superconducting charge qubit #1,48,49$
strongly coupled to a transmission line resonator #50$. Near
its resonance frequency !r, the transmission line resonator
can be modeled as a simple harmonic oscillator composed of
the parallel combination of an inductor L and a capacitor C.
Introducing the annihilation !creation" operator a!†", the reso-
nator can then be described by the Hamiltonian

Hr = !ra
†a , !2.1"

with !r=1/%LC and where we have taken "=1. Using this
simple model, the voltage across the LC circuit !or, equiva-
lently, on the center conductor of the resonator" can be writ-
ten as VLC=Vrms

0 !a†+a", where Vrms
0 =%"!r /2C is the rms

value of the voltage in the ground state. An important advan-
tage of this architecture is the extremely small separation b
&5 #m between the center conductor of the resonator and
its ground planes. This leads to a large rms value of the
electric field Erms

0 =Vrms
0 /b&0.2 V/m for typical realizations

#3,15–17$.

Multiple superconducting charge qubits can be fabricated
in the space between the center conductor and the ground
planes of the resonator. As shown in Fig. 1, we will consider
the case of two qubits fabricated at the two ends of the reso-
nator. These qubits are sufficiently far apart that the direct
qubit-qubit capacitance is negligible. Direct capacitive cou-
pling of qubits fabricated inside a resonator was discussed in
Ref. #29$. An advantage of placing the qubits at the ends of
the resonator is the finite capacitive coupling between each
qubit and the input or output port of the resonator. This can
be used to independently dc bias the qubits at their charge
degeneracy point. The size of the direct capacitance must be
chosen in such a way as to limit energy relaxation and
dephasing due to noise at the input-output ports. Some of the
noise is however still filtered by the high-Q resonator #14$.
We note, that recent design advances have also raised the
possibility of eliminating the need for dc bias altogether #17$.

In the two-state approximation, the Hamiltonian of the jth
qubit takes the form

Hqj
= −

Eelj

2
$xj

−
EJj

2
$zj

, !2.2"

where Eelj
=4ECj

!1−2ngj
" is the electrostatic energy and EJj

=EJj

maxcos!%& j /&0" is the Josephson coupling energy. Here,
ECj

=e2 /2C'j
is the charging energy with C'j

the total box
capacitance. ngj

=Cgj
Vgj

/2e is the dimensionless gate charge
with Cgj

the gate capacitance and Vgj
the gate voltage. EJj

max is
the maximum Josephson energy and & j the externally ap-
plied flux with &0 the flux quantum. Throughout this paper,
the j subscript will be used to distinguish the different qubits
and their parameters.

With both qubits fabricated close to the ends of the reso-
nator !antinodes of the voltage", the coupling to the resonator
is maximized for both qubits. This coupling is capacitive and
determined by the gate voltage Vgj

=Vgj

dc+VLC, which con-
tains both the dc contribution Vgj

dc !coming from a dc bias
applied to the input port of the resonator" and a quantum part
VLC. Following Ref. #14$, the Hamiltonian of the circuit of
Fig. 1 in the basis of the eigenstates of Hqj

takes the form

H = !ra
†a + '

j=1,2

!aj

2
$zj

− '
j=1,2

gj!# j − cj$zj
+ sj$xj

"!a† + a" ,

!2.3"

where !aj
=%EJj

2 + #4ECj
!1−2ng,j"$2 is the transition fre-

quency of qubit j and gj =e!Cg,j /C',j"Vrms
0 /" is the coupling

strength of the resonator to qubit j. For simplicity of nota-
tion, we have also defined # j =1−2ng,j, cj =cos ( j and sj
=sin ( j, where ( j =arctan#EJj

/ECj
!1−2ng,j"$ is the mixing

angle #14$.
When working at the charge degeneracy point ng,j

dc =1/2,
where dephasing is minimized #5$, and neglecting fast oscil-
lating terms using the rotating-wave approximation !RWA",
the above resonator plus qubit Hamiltonian takes the usual
Jaynes-Cummings form #77$

FIG. 1. !Color online" Layout and lumped element version of
circuit QED. Two superconducting charge qubits !green" are fabri-
cated inside the superconducting 1D transmission line resonator
!blue".

BLAIS et al. PHYSICAL REVIEW A 75, 032329 !2007"

032329-2

Blais et al., Phys. Rev. A 75, 032329 (2007)
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resonator !Sec. V". This type of approach was also discussed
in Refs. #14,29$ and here we will present various mecha-
nisms to tune this type of interaction. The dispersive regime
that is the basis of the schemes relying on virtual excitations
of the resonator can also be used to create probabilistic en-
tanglement due to measurement. This is discussed in Sec. VI.
Next, we consider gates that are based on real photon popu-
lation of the resonator !Sec. VII". For these gates, selection
rules will set some constraints on the transitions that can be
used. Finally, we discuss a gate based on the geometric phase
which was first introduced in the context of ion trap quantum
computation #46,47$.

Before moving to two-qubit gates, we begin in Sec. II
with a brief review of circuit QED and, in Sec. III, with a
discussion of single-qubit gates. A table summarizing the ex-
pected rates and quality factors for the different gates is pre-
sented in the concluding section.

II. CIRCUIT QED

A. Jaynes-Cummings interaction

In this section, we briefly review the circuit QED archi-
tecture first introduced in Ref. #14$ and experimentally stud-
ied in Refs. #3,15–17$. Measurement-induced dephasing was
theoretically studied in Ref. #18$. As shown in Fig. 1, this
system consists of a superconducting charge qubit #1,48,49$
strongly coupled to a transmission line resonator #50$. Near
its resonance frequency !r, the transmission line resonator
can be modeled as a simple harmonic oscillator composed of
the parallel combination of an inductor L and a capacitor C.
Introducing the annihilation !creation" operator a!†", the reso-
nator can then be described by the Hamiltonian

Hr = !ra
†a , !2.1"

with !r=1/%LC and where we have taken "=1. Using this
simple model, the voltage across the LC circuit !or, equiva-
lently, on the center conductor of the resonator" can be writ-
ten as VLC=Vrms

0 !a†+a", where Vrms
0 =%"!r /2C is the rms

value of the voltage in the ground state. An important advan-
tage of this architecture is the extremely small separation b
&5 #m between the center conductor of the resonator and
its ground planes. This leads to a large rms value of the
electric field Erms

0 =Vrms
0 /b&0.2 V/m for typical realizations

#3,15–17$.

Multiple superconducting charge qubits can be fabricated
in the space between the center conductor and the ground
planes of the resonator. As shown in Fig. 1, we will consider
the case of two qubits fabricated at the two ends of the reso-
nator. These qubits are sufficiently far apart that the direct
qubit-qubit capacitance is negligible. Direct capacitive cou-
pling of qubits fabricated inside a resonator was discussed in
Ref. #29$. An advantage of placing the qubits at the ends of
the resonator is the finite capacitive coupling between each
qubit and the input or output port of the resonator. This can
be used to independently dc bias the qubits at their charge
degeneracy point. The size of the direct capacitance must be
chosen in such a way as to limit energy relaxation and
dephasing due to noise at the input-output ports. Some of the
noise is however still filtered by the high-Q resonator #14$.
We note, that recent design advances have also raised the
possibility of eliminating the need for dc bias altogether #17$.

In the two-state approximation, the Hamiltonian of the jth
qubit takes the form

Hqj
= −

Eelj

2
$xj

−
EJj

2
$zj

, !2.2"

where Eelj
=4ECj

!1−2ngj
" is the electrostatic energy and EJj

=EJj

maxcos!%& j /&0" is the Josephson coupling energy. Here,
ECj

=e2 /2C'j
is the charging energy with C'j

the total box
capacitance. ngj

=Cgj
Vgj

/2e is the dimensionless gate charge
with Cgj

the gate capacitance and Vgj
the gate voltage. EJj

max is
the maximum Josephson energy and & j the externally ap-
plied flux with &0 the flux quantum. Throughout this paper,
the j subscript will be used to distinguish the different qubits
and their parameters.

With both qubits fabricated close to the ends of the reso-
nator !antinodes of the voltage", the coupling to the resonator
is maximized for both qubits. This coupling is capacitive and
determined by the gate voltage Vgj

=Vgj

dc+VLC, which con-
tains both the dc contribution Vgj

dc !coming from a dc bias
applied to the input port of the resonator" and a quantum part
VLC. Following Ref. #14$, the Hamiltonian of the circuit of
Fig. 1 in the basis of the eigenstates of Hqj

takes the form

H = !ra
†a + '

j=1,2

!aj

2
$zj

− '
j=1,2

gj!# j − cj$zj
+ sj$xj

"!a† + a" ,

!2.3"

where !aj
=%EJj

2 + #4ECj
!1−2ng,j"$2 is the transition fre-

quency of qubit j and gj =e!Cg,j /C',j"Vrms
0 /" is the coupling

strength of the resonator to qubit j. For simplicity of nota-
tion, we have also defined # j =1−2ng,j, cj =cos ( j and sj
=sin ( j, where ( j =arctan#EJj

/ECj
!1−2ng,j"$ is the mixing

angle #14$.
When working at the charge degeneracy point ng,j

dc =1/2,
where dephasing is minimized #5$, and neglecting fast oscil-
lating terms using the rotating-wave approximation !RWA",
the above resonator plus qubit Hamiltonian takes the usual
Jaynes-Cummings form #77$

FIG. 1. !Color online" Layout and lumped element version of
circuit QED. Two superconducting charge qubits !green" are fabri-
cated inside the superconducting 1D transmission line resonator
!blue".

BLAIS et al. PHYSICAL REVIEW A 75, 032329 !2007"

032329-2

Blais et al., Phys. Rev. A 75, 032329 (2007)
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Two paradigms: open-loop, model-based vs. closed-loop, model-free

Open loop (model-based)

Q-CTRL Boulder Opal
Carvalho et al., Phys. Rev. Applied 15, 064054

(2021)

IonQ power-optimal MS gate
Blümel et al., npj Quantum Inf. 7, 147 (2021)

Rydberg / time-optimal pulses
Levine et al., Phys. Rev. Lett. 123, 170503 (2019)

Multi-derivative DRAG
Li et al., npj Quantum Inf. 10, 66 (2024)

Closed loop (model-free)

Google frequency allocation (Snake)
Klimov et al., Nat. Commun. 15, 2442 (2024)

Q-CTRL deep reinforcement learning
Baum et al., PRX Quantum 2, 040324 (2021)

QuEra analog schedule optimization
Ebadi et al., Science 376, 1209 (2022)
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⇒ parametrized continuous controls

ε(t) = ε({un}, t)

E.g. CRAB — Chopped Random (spectral) Basis

ε(t) =
10∑
n=1

(an cos(ωnt) + bn sin(ωnt))

— Caneva et al., Phys. Rev. A 84, 022326 (2011)
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Gradient-free optimization

structure. In particular the DMRG describes ground state
static properties of one-dimensional systems by means of a
matrix product state (MPS) [16]. The main characteristic of
a MPS is that the resources needed to describe a given
system depend only polynomially on the system size N,
due to the introduction of an ancillary dimension m that
determines the precision of the approximation. Since an
exact description requires exponentially increasing resour-
ces with the number of components N, the tensor network
approach results in an exponential gain in resources. Given
a system Hamiltonian, the best possible approximated
description of the system ground state—within the MPS
at fixed m—is determined by means of an efficient energy
minimization. With some slight modification, discretizing
the time T ¼ nsteps!t and performing a Trotter expansion,
the algorithm can be adapted to follow a state time evolu-
tion, the so-called tDMRG [13]. The tDMRG is a very
powerful numerical method for efficiently numerically
simulating the time evolution of one-dimensional many-
body quantum systems. The class of states and of time
evolutions that can be efficiently described with a small
error are determined by the presence of entanglement
between the different system components [12]. Here, we
will use the tDMRG for the simulation of cold atoms in
time-dependent optical lattices, which we feed into the
chopped random basis (CRAB) optimization algorithm as
described below.

CRAB method.—The general scenario of an optimal
control problem can be stated as follows: given a system
described by a Hamiltonian H depending on some control
parameters cjðtÞ with j ¼ 1; . . . ; NC, the goal is to find the
cj’s time dependence (pulse shape) that extremizes a given
figure of merit F , for instance, the final system energy,
state fidelity, or entanglement. We then start with an initial
pulse guess c0j ðtÞ and look for the best correction that has a
simple expression in a given functional basis. As an ex-
plicative example, here we focus on the case where the
correction is of the form cjðtÞ ¼ c0j ðtÞfjðtÞ, and the func-

tions fjðtÞ can be simply expressed in a truncated Fourier
space, depending on the expansion coefficients ~aj ¼ akj
(k ¼ 1; . . . ;Mj). In particular, in the following, we start
from an initial ansatz, e.g., an exponential or linear ramp,
and we introduce a correction of the form

fðtÞ ¼ 1

N

!
1þ

X

k

Ak sinð!ktÞ þ Bk cosð!ktÞ
"
: (1)

Here, k ¼ 1; . . . ;M, !k ¼ 2"kð1þ rkÞ=T are ‘‘rando-
mized’’ Fourier harmonics, T is the total time evolution,
rk 2 ½0:1& are random numbers with a flat distribution, and
N is a normalization constant to keep the initial and final
control pulse values fixed. The optimization problem is
then reformulated as the extremization of a multivariable
function F ðfAkg; fBkg; f!kÞg, which can be numerically
approached with a suitable method, e.g., steepest descent
or conjugate gradient [17]. When using CRAB together

with tDMRG, computing the gradient of F is extremely
resource consuming, if not impossible. Thus we resort to a
direct search method like the Nelder-Mead or Simplex
methods [17]. They are based on the construction of a
polytope defined by some initial set of points in the space
of parameters that ‘‘rolls down the hill’’ following prede-
fined rules until reaching a (possibly local) minimum (see
Fig. 1). Because of the fact that direct search methods are
based on many independent evaluations of the function to
be minimized, they can be efficiently implemented to-
gether with tDMRG simulations (and possibly performed
in parallel). We stress that the functional dependency of the
correction presented here [Eq. (1)] is one possible ap-
proach: different strategies might be explored. Indeed,
making a given choice confines the search of the optimal
driving field in a subspace of the whole space of functions
and the results might depend on this choice. On the other
hand, this approach simplifies the optimization problem
that would be otherwise computationally unfeasible when
tDMRG simulations are needed. As shown below, the
described choice allows us to perform a successful
optimization.
Optical-lattice system.—Very recently, the experimental

and theoretical analysis of the dynamics of cold atoms in
optical lattices has experienced a fast development, after
the experimental demonstration of coherent manipulation
of ultracold atoms in the seminal work of Ref. [18], where
a Bose-Einstein condensate is first loaded into a single
trap, and then a periodic lattice potential is slowly ramped
up, inducing a quantum phase transition to aMott insulator.
This is the enabling step for a wide range of experiments,
from transport or spectroscopy to quantum information
processing [19]. In most of these applications, it is essential
to achieve the lowest possible number of defects in the final
state, that is, to reach exactly a final state with fixed number
of atoms per site, e.g., unit filling. Up to now, this has been
pursued by limiting the process speed—the superfluid-
Mott insulator transition has been performed in about a
hundred milliseconds, with a density of defects typically of
the order of 10% [20].
Cold atoms in an optical lattice can be described by the

Bose-Hubbard model defined by the Hamiltonian [19,21]

FIG. 1 (color online). (a) An initial guess pulse c0ðtÞ is used as
a starting point. (b) The function F ð ~aÞ for the case ~a ¼ fa1; a2g
and the initial polytope (white triangle) are defined and moved
‘‘downhill’’ [darker gray (red) triangles] until convergence is
reached. (c) The final point is recast as the optimal pulse cðtÞ.

PRL 106, 190501 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending
13 MAY 2011

190501-2

e.g. Nelder-Mead (simplex), genetic algorithms. . .

— Doria et al., Phys. Rev. Lett. 106, 190501 (2011)
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— “GOAT”: Machnes et al., Phys. Rev. Lett. 120, 150401 (2018)
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TABLE I. Relevant contributions to cost functions for quantum
optimal control. Names of contributions indicate the quantity to be
minimized.

µ Cost-function contribution Cµ(u)

1 Target-gate infidelity 1 − | tr(K†
T KN )/D|2

2 Target-state infidelity 1 − |〈!T |!N 〉|2

3 Control amplitudes |u|2

4 Control variations
∑

j,k |uk,j − uk,j−1|2

5 Occupation of forbidden state
∑

j |〈!F |!j 〉|2

6 Evolution time (target gate) 1 − 1
N

∑
j | tr(K†

T Kj )/D|2

7 Evolution time (target state) 1 − 1
N

∑
j |〈!T |!j 〉|2

quantum computing and quantum optics, and discuss the
performance gains achieved by utilizing GPUs.

II. THEORY

We briefly review the essential idea of quantum optimal
control and introduce the notation used throughout our paper.
We consider the general setting of a quantum system with
intrinsic Hamiltonian H0 and a set of external control fields
{u1(t), . . . ,uM (t)} acting on the system via control operators
{H1, . . . ,HM}. The resulting system Hamiltonian is given
by H (t) = H0 +

∑M
k=1 uk(t)Hk . Optimal control theory aims

to minimize deviations from a target state or target unitary
by appropriate adjustments of the control fields uk(t). To
implement this optimization, the time interval of interest is
discretized into a large number N of sufficiently small time
steps δt . Denoting intermediate times by tj = t0 + j δt , the
Hamiltonian at time tj takes on the form

Hj = H0 +
M∑

k=1

uk,jHk. (1)

The control fields subject to optimization now form a set {uk,j }
of d = MN real numbers.

The quantum evolution from the initial time t = t0 to time
tj is described by a propagator Kj , decomposed according to

Kj = UjUj−1Uj−2 . . . U1U0, (2)

where

Uj = exp(−iHjδt) (3)

is the propagator for the short time interval [tj ,tj + δt]. (Here
and in the following, we seth̄ = 1.) Evolution of a select initial
state |!0〉 from t = t0 to t = tj then takes the usual form,

|!j 〉 = Kj |!0〉. (4)

In the decomposition of Kj , each short-time propagator Ui can
be evaluated exactly by matrix exponentiation or approximated
by an appropriate series expansion. Propagation methods
which go beyond the piecewise-constant approximation for
the propagation can further improve speed and accuracy [48].

Optimization of the discretized control fields u ∈ Rd can be
formulated as the minimization of a cost function C(u) where
C : Rd → R+. Table I shows some of the most important

cost-function contributions used for quantum optimal control.
The total cost function is a linear combination of these cost
functions, C =

∑
µ αµCµ. The weight factors αµ must be

determined empirically and depend on the specific problem
and experimental realization at hand. In the following, we
discuss these relevant cost-function contributions.

A. Important types of cost-function contributions

The first cost contribution C1(u) is the primary tool for
realizing a target unitary KT , such as a single- or multiqubit
gate. Cost is incurred for deviations between the target unitary
and the realized unitary KN at a given final time tN . For a
system with Hilbert-space dimension D, its expression 1 −
| tr(K†

T KN )/D|2 [2] represents the infidelity obtained from
the trace distance between the target unitary and the realized
unitary. Minimizing this cost function is the principle goal of
the quantum control problem.

The second cost function C2(u) = 1 − |〈!T |!N 〉|2 mea-
sures the distance between a desired target state |!T 〉 and
the state |!N 〉 realized at the final time tN , as obtained from
evolution of a given initial state |!0〉. In addition, generalizing
C2 to multiple initial and target states is useful for performing
a unitary KT which is only defined on some subspace HS
of the modeled Hilbert space. Such restriction to a selected
subspace is of practical importance whenever a desired unitary
is to be implemented within some computational subspace
only, as is common for quantum computation applications.
There, evolution of higher excited states or auxiliary systems
outside the computational subspace is immaterial. Optimal
control, then, can be achieved by simultaneous evolution of a
set of initial states {|!s

0〉} (s = 1,2, . . . ,S) that forms a basis of
HS . Optimal control fields are obtained from minimizing the
composite state infidelity C2$(u) = 1 − | 1

S

∑
s〈!s

T |PS |!s
N 〉|2

relative to the desired target states |!s
T 〉 = KT |!s

0〉. (Here, PS
is the projector onto subspace HS .)

This composite state-transfer cost function when used over
a complete basis is equivalent to the gate fidelity, but has
several advantages. Most importantly it is more memory
efficient requiring only the current state to be stored rather
than the whole unitary. In addition, it is very amenable to
distributed computing approaches. However, when the unitary
transfer matrix can be stored in memory, propagating the full
unitary can take advantage of the parallelism of the GPU for
smaller problems (see Fig. 3).

Like many optimization problems, quantum optimal control
is typically underconstrained. In order to obtain control fields
that are consistent with specific experimental capabilities and
limitations, it is often crucial to add further constraints on
the optimization. Control fields must be realizable in the
laboratory, should be robust to noise, and avoid large control
amplitudes and rapid variations based on signal output specifi-
cations of instruments employed in experiments. Exceedingly
strong control fields may also be problematic due to heat
dissipation which may, for instance, raise the temperature
inside a dilution refrigerator. These points motivate the
consideration of additional cost-function contributions in the
following.

One such contribution C3(u) = |u|2 suppresses large
control-field amplitudes globally and is commonly employed
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Arbitrary equations of motion
e.g. quantum trajectories — Abdelhafez et al., Phys. Rev. A 99, 052327 (2019)
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3 Control amplitudes |u|2

4 Control variations
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N
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∑
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{u1(t), . . . ,uM (t)} acting on the system via control operators
{H1, . . . ,HM}. The resulting system Hamiltonian is given
by H (t) = H0 +
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k=1 uk(t)Hk . Optimal control theory aims

to minimize deviations from a target state or target unitary
by appropriate adjustments of the control fields uk(t). To
implement this optimization, the time interval of interest is
discretized into a large number N of sufficiently small time
steps δt . Denoting intermediate times by tj = t0 + j δt , the
Hamiltonian at time tj takes on the form

Hj = H0 +
M∑
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uk,jHk. (1)

The control fields subject to optimization now form a set {uk,j }
of d = MN real numbers.

The quantum evolution from the initial time t = t0 to time
tj is described by a propagator Kj , decomposed according to

Kj = UjUj−1Uj−2 . . . U1U0, (2)

where

Uj = exp(−iHjδt) (3)

is the propagator for the short time interval [tj ,tj + δt]. (Here
and in the following, we seth̄ = 1.) Evolution of a select initial
state |!0〉 from t = t0 to t = tj then takes the usual form,

|!j 〉 = Kj |!0〉. (4)

In the decomposition of Kj , each short-time propagator Ui can
be evaluated exactly by matrix exponentiation or approximated
by an appropriate series expansion. Propagation methods
which go beyond the piecewise-constant approximation for
the propagation can further improve speed and accuracy [48].

Optimization of the discretized control fields u ∈ Rd can be
formulated as the minimization of a cost function C(u) where
C : Rd → R+. Table I shows some of the most important

cost-function contributions used for quantum optimal control.
The total cost function is a linear combination of these cost
functions, C =

∑
µ αµCµ. The weight factors αµ must be

determined empirically and depend on the specific problem
and experimental realization at hand. In the following, we
discuss these relevant cost-function contributions.

A. Important types of cost-function contributions

The first cost contribution C1(u) is the primary tool for
realizing a target unitary KT , such as a single- or multiqubit
gate. Cost is incurred for deviations between the target unitary
and the realized unitary KN at a given final time tN . For a
system with Hilbert-space dimension D, its expression 1 −
| tr(K†

T KN )/D|2 [2] represents the infidelity obtained from
the trace distance between the target unitary and the realized
unitary. Minimizing this cost function is the principle goal of
the quantum control problem.

The second cost function C2(u) = 1 − |〈!T |!N 〉|2 mea-
sures the distance between a desired target state |!T 〉 and
the state |!N 〉 realized at the final time tN , as obtained from
evolution of a given initial state |!0〉. In addition, generalizing
C2 to multiple initial and target states is useful for performing
a unitary KT which is only defined on some subspace HS
of the modeled Hilbert space. Such restriction to a selected
subspace is of practical importance whenever a desired unitary
is to be implemented within some computational subspace
only, as is common for quantum computation applications.
There, evolution of higher excited states or auxiliary systems
outside the computational subspace is immaterial. Optimal
control, then, can be achieved by simultaneous evolution of a
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HS . Optimal control fields are obtained from minimizing the
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relative to the desired target states |!s
T 〉 = KT |!s

0〉. (Here, PS
is the projector onto subspace HS .)

This composite state-transfer cost function when used over
a complete basis is equivalent to the gate fidelity, but has
several advantages. Most importantly it is more memory
efficient requiring only the current state to be stored rather
than the whole unitary. In addition, it is very amenable to
distributed computing approaches. However, when the unitary
transfer matrix can be stored in memory, propagating the full
unitary can take advantage of the parallelism of the GPU for
smaller problems (see Fig. 3).

Like many optimization problems, quantum optimal control
is typically underconstrained. In order to obtain control fields
that are consistent with specific experimental capabilities and
limitations, it is often crucial to add further constraints on
the optimization. Control fields must be realizable in the
laboratory, should be robust to noise, and avoid large control
amplitudes and rapid variations based on signal output specifi-
cations of instruments employed in experiments. Exceedingly
strong control fields may also be problematic due to heat
dissipation which may, for instance, raise the temperature
inside a dilution refrigerator. These points motivate the
consideration of additional cost-function contributions in the
following.

One such contribution C3(u) = |u|2 suppresses large
control-field amplitudes globally and is commonly employed
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{u1(t), . . . ,uM (t)} acting on the system via control operators
{H1, . . . ,HM}. The resulting system Hamiltonian is given
by H (t) = H0 +
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to minimize deviations from a target state or target unitary
by appropriate adjustments of the control fields uk(t). To
implement this optimization, the time interval of interest is
discretized into a large number N of sufficiently small time
steps δt . Denoting intermediate times by tj = t0 + j δt , the
Hamiltonian at time tj takes on the form

Hj = H0 +
M∑

k=1

uk,jHk. (1)

The control fields subject to optimization now form a set {uk,j }
of d = MN real numbers.

The quantum evolution from the initial time t = t0 to time
tj is described by a propagator Kj , decomposed according to

Kj = UjUj−1Uj−2 . . . U1U0, (2)

where

Uj = exp(−iHjδt) (3)

is the propagator for the short time interval [tj ,tj + δt]. (Here
and in the following, we seth̄ = 1.) Evolution of a select initial
state |!0〉 from t = t0 to t = tj then takes the usual form,

|!j 〉 = Kj |!0〉. (4)

In the decomposition of Kj , each short-time propagator Ui can
be evaluated exactly by matrix exponentiation or approximated
by an appropriate series expansion. Propagation methods
which go beyond the piecewise-constant approximation for
the propagation can further improve speed and accuracy [48].

Optimization of the discretized control fields u ∈ Rd can be
formulated as the minimization of a cost function C(u) where
C : Rd → R+. Table I shows some of the most important

cost-function contributions used for quantum optimal control.
The total cost function is a linear combination of these cost
functions, C =
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µ αµCµ. The weight factors αµ must be

determined empirically and depend on the specific problem
and experimental realization at hand. In the following, we
discuss these relevant cost-function contributions.

A. Important types of cost-function contributions

The first cost contribution C1(u) is the primary tool for
realizing a target unitary KT , such as a single- or multiqubit
gate. Cost is incurred for deviations between the target unitary
and the realized unitary KN at a given final time tN . For a
system with Hilbert-space dimension D, its expression 1 −
| tr(K†

T KN )/D|2 [2] represents the infidelity obtained from
the trace distance between the target unitary and the realized
unitary. Minimizing this cost function is the principle goal of
the quantum control problem.
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sures the distance between a desired target state |!T 〉 and
the state |!N 〉 realized at the final time tN , as obtained from
evolution of a given initial state |!0〉. In addition, generalizing
C2 to multiple initial and target states is useful for performing
a unitary KT which is only defined on some subspace HS
of the modeled Hilbert space. Such restriction to a selected
subspace is of practical importance whenever a desired unitary
is to be implemented within some computational subspace
only, as is common for quantum computation applications.
There, evolution of higher excited states or auxiliary systems
outside the computational subspace is immaterial. Optimal
control, then, can be achieved by simultaneous evolution of a
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relative to the desired target states |!s
T 〉 = KT |!s

0〉. (Here, PS
is the projector onto subspace HS .)

This composite state-transfer cost function when used over
a complete basis is equivalent to the gate fidelity, but has
several advantages. Most importantly it is more memory
efficient requiring only the current state to be stored rather
than the whole unitary. In addition, it is very amenable to
distributed computing approaches. However, when the unitary
transfer matrix can be stored in memory, propagating the full
unitary can take advantage of the parallelism of the GPU for
smaller problems (see Fig. 3).

Like many optimization problems, quantum optimal control
is typically underconstrained. In order to obtain control fields
that are consistent with specific experimental capabilities and
limitations, it is often crucial to add further constraints on
the optimization. Control fields must be realizable in the
laboratory, should be robust to noise, and avoid large control
amplitudes and rapid variations based on signal output specifi-
cations of instruments employed in experiments. Exceedingly
strong control fields may also be problematic due to heat
dissipation which may, for instance, raise the temperature
inside a dilution refrigerator. These points motivate the
consideration of additional cost-function contributions in the
following.

One such contribution C3(u) = |u|2 suppresses large
control-field amplitudes globally and is commonly employed
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Max concurrence that can be generated for a separable input
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ÛŨ
)

; Ũ = (σ̂y ⊗ σ̂y )Û(σ̂y ⊗ σ̂y )

2 C (Û) = max |sin(c1,2,3 ± c3,1,2)|
Childs et al., Phys. Rev. A 68, 052311 (2003)
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ÛŨ
)
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Perfect Entanglers Functional

Find a two-qubit gate with maximum entangling power

FPE =

(
1

detUB

)(
1

4
(tr2[UT

B UB ]− tr[UT
B UBU

T
B UB ])

)(
1

16
Re2[tr[UT

B UB ]]

)
+

+

(
2

detUB

)(
1

4
(tr2[UT

B UB ]− tr[UT
B UBU

T
B UB ])

)(
1

16
Im2[tr[UT

B UB ]]

)
(

1

16
Re[tr2[UT

B UB ]]

)
UB : projection into logical subspace, in Bell basis

Watts et al., Phys. Rev. A 91, 062306 (2015)
Goerz et al., Phys. Rev. A 91, 062307 (2015)
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To a computer, everything is analytic!
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Max concurrence that can be generated for a separable input

1 c1, c2, c3 ∝ eigvals
(

ÛŨ
)

; Ũ = (σ̂y ⊗ σ̂y )Û(σ̂y ⊗ σ̂y )

2 C (Û) = max |sin(c1,2,3 ± c3,1,2)|
Childs et al., Phys. Rev. A 68, 052311 (2003)

To a computer, everything is analytic!

Quantum Fisher Information

F (ρ̂) =
∑

i 6=j
2(pi−pj )2

pi+pj

∣∣∣〈φi |Ŝz |φj〉
∣∣∣2

where pi , |φi 〉 are eigenvalues / eigenstates of ρ̂

— Ma et al., Phys. Rep. 509, 89 (2011)

https://michaelgoerz.net


UNCLASSIFIED

AD Compromises

https://michaelgoerz.net 69 / 85

Quantum Optimal Control Theory

1 Numerical scaling

AD memory overhead
computational overhead (at least on CPU)

2 Framework limitations

Complex numbers?
In-place operations?
Double-precision?

3 Code reuse

Re-implement propagation methods?
Re-use existing GRAPE implementation?

v1 = ε1 v2 = ε2

v3 = sin(v1) v4 =
√
v2

v5 = v1v4

v6 = v3 + v5

J = v6

J(ε1, ε2) = sin(ε1) + ε1
√
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Best of both: GRAPE efficiency + AD flexibility

∇J =
∂JT
∂εnl

= 2Re
∑
k

∂

∂εnl
〈χk(T )|Ψk(T )〉; |χk(T )〉 =

∂JT
∂〈Ψk(T )|

gradient of the propagation, ∂|Ψk(T )〉/∂εnl — analytic GRAPE sweep (efficient)

gradient of the functional, ∂JT/∂〈Ψk(T )| — automatic differentiation (arbitrary
functionals)

— Goerz et al., Quantum 6, 871 (2022)
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1950 1960 1970 1980 1990 2000 2010 2020

variational calculus

Pontryagin et al. (1962)
Boscain et al. PRXQ 2 030203 (2021)

quantum dynamics
Tal-Ezer & Kosloff JCP 81 3967 (1984)

coherent control
Tannor & Rice JCP 83 5013 (1985)

Krotov
Tannor (1992)

“iterative schemes”
Zhu et al. JCP 108 1953 (1998)

GRAPE
Khaneja et al. JMR 172 296 (2005)

autodiff
Leung et al. PRA 95 042318 (2017)

GOAT
Machnes et al. PRL 120 150401 (2018)

CRAB
Doria et al. PRL 106 190501 (2011)

photochemistrycomposite
pulses NMR

quantum computing

Ions

Superconducting qubits

Neutral atoms

quantum metrologyJudson & Rabitz PRL 68 1500 (1992)

Assion et al. Science 282 919 (1998)

Levis et al. Science 292 709 (2001)

adaptive feedback control (closed loop)

classical control theory
Trowbridge et al. IEEE QCE (2023)

“Direct Collocation for Quantum Optimal Control”Belavkin (1983)

Wiseman & Milburn PRL 70 548 (1993)

Lloyd PRA 62 022108 (2000)

Sayrin et al. Nature 477 73 (2011)

quantum feedback control
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tractor function

— Raithel et al., Quantum Sci. Technol. 8, 014001 (2023)

Find non-adiabatic tractor potential
closing the interferometric path
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— Adapted from Jarmola et al., Sci. Adv. 7, eabl3840 (2021)
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— Aiello et al., arXiv:2605.00152 (2026)
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— Watts et al., Phys. Rev. A 91, 062306 (2015)

Local invariants: gates equal up to
single-qubit operations

Each class → one point in the Weyl
chamber

Half of all two-qubit gates are perfect
entanglers

Target the class, not a specific unitary

Zhang et al., Phys. Rev. A 67, 042313 (2003)

Goerz et al., Phys. Rev. A 91, 062307 (2015)
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(a) GRAPE

1○ forward-prop and storage with guess

2○ backward-prop of extended state/gradient

φk Ψk(t1)

ε
(i−1)
l1

Ψk(t). . .

ε
(i−1)
l2

Ψk(t91)

ε
(i−1)
l91

Ψk(T )

ε
(i−1)
lNT

χ̃k(0) χ̃k(t1)

ε
(i−1)
l1

∇τ (k)
l1 χ̃k(t). . .

ε
(i−1)
l2

∇τ (k)
l2

χ̃k(t91)

ε
(i−1)
l91

∇τ (k)
l91

χ̃k(T )

ε
(i−1)
lNT

∇τ (k)
lNT

. . .

(b) Krotov’s method

2○ forward-prop with updated control

1○ backward-prop and storage with guess

φk Ψk(t1)

ε
(i)
l1

∆ε(k)
l1

Ψk(t). . .

ε
(i)
l2

∆ε(k)
l2

Ψk(t91)

ε
(i)
l91

∆ε(k)
l91

Ψk(T )

ε
(i)
lNT

∆ε(k)
lNT

χk(0) χk(t1)

ε
(i−1)
l1

χk(t). . .

ε
(i−1)
l2

χk(t91)

ε
(i−1)
l91

χk(T )

ε
(i−1)
lNT

∂Ĥk
∂εl(0)

∂Ĥk
∂εl(t1)

∂Ĥk
∂εl(t2)
. . . ∂Ĥk

∂εl(t91)

concurrent update sequential update

— Goerz et al. Quantum 6, 871 (2022)
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Lindblad equation:

d

dt
ρ̂(t) = −i

[
Ĥ, ρ̂(t)

]
+ LD(ρ̂(t))

= −i
[
Ĥ, ρ̂(t)

]
+
∑
k

(
Âk ρ̂Â†k −

1

2
Â†k Âk ρ̂−

1

2
ρ̂Â†k Âk

)
Vectorization rule:

vec
(

Âρ̂B̂
)

=
(
B̂T ⊗ Â

)
~ρ

Matrix representation of Lindbladian:

L̂ = −i(1⊗ Ĥ) + i(ĤT ⊗ 1) +
∑
k

[
(Â†k)T ⊗ Âk −

1

2

(
1⊗ Â†k Âk

)
− 1

2

(
(Â†k Âk)T ⊗ 1

)]
— Goerz et al., arXiv:1312.0111v2 (2021), Appendix B
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